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Abstract

In this research, the surface stress effect on the nonlocal vibration of
piezoelectric square plate reinforced by single walled carbon
nanotubes (SWCNTSs) based on classical plate theory (CPT) and
first order shear deformation theory (FSDT) is presented. The
elastic properties of piezoelectric nanocomposite plate are estimated
by Eshelby-Mori-Tanaka and the extended mixture rule approaches.
The motion equations of nanocomposite plate are obtained using
Hamiton's principle. The Navier's type solution is used to solve
these equations. There is the best agreement between the obtained
analytical results and other literature results. Then the effects of
various parameters such as elastic foundation, surface stress,
agglomeration, applied voltage and magnetic field on the nonlocal
natural frequency of piezoelectric square nanocomposite plate are
investigated. It is concluded that the non-dimensional frequency
ratio decreases with increasing the SWCNT volume fraction in the
inclusion (agglomeration effect), nonlocal parameter and residual
surface stress constant for both CPT and FSDT. Also it is seen that
a change in the applied voltage, magnetic field intensity, elastic
foundation parameters and surface density leads to increase the

non-dimensional frequency ratio.
2014 JNS All rights reserved

1. Introduction
The mechanical behavior of materials at the

strength, high electrical conductivity, density, etc.

atomic and molecular scales is investigated in nano change dramatically. Nowadays, with the

science framework. As dimensions of material
become smaller, the material properties such as

development of technology and probable
applications of nano materials with unique
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properties, nano-materials have been taken into
consideration and these materials have been used
numerous application such as nano-ceramic
superconductors, nano-electro-mechanical systems,
nano-medicine, nano textile, and etc. In this regard,
carbon nanotubes (CNTs) as single and multi-
layers were found in many applications due to their
high tensile strength (100 times the strength of
steel), high thermal conductivity and excellent
electrical conductivity. The unique properties of
CNTs have made it possible to be used in many
aspects including fuel cells, reinforcement of
composites, electromechanical devices,
nanomachines and etc [1]. Also because of the
excellent thermal and electrical conductivity of
CNTs in comparison with other materials, they can
be used as filler in polymer composites and
extremely improve their properties.

In recent decades, many researchers have
investigated the vibrational behavior of nano-plate.
Murmu and Pradhan [2] studied the nonlocal plate
model for free in-plane vibration of nano-plates
using separation of variables. They concluded that
without considering the small length scale effect,
the classical (local) plate has over estimated results
for the free in-plane vibration, also the nonlocal
effect on it for the square-type nano-plates is
higher than that of on the strip- type nano-plates
(nanoribbons).  Aghababaei and Reddy [3]
presented the analytical solutions of bending and
free vibration of a simply supported rectangular
plate via nonlocal third-order shear deformation
plate theory (TSDPT). They found that increasing
of the nonlocal parameter decreases the natural
frequencies and increases the deflection of plate.
Also difference between results of nonlocal theory
and local theory is considerable. Ansari et al. [4]
studied the nonlocal vibrations of multi-layered
graphene sheets (MLGS) surrounding by elastic
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medium wusing finite element model. They
concluded that difference between the natural
frequencies in high aspect ratios can be neglected.
Also they found that the natural frequencies
increase with an increase in the value of elastic
medium and the natural frequencies are more
affected by the small length scale particularly in
higher vibration modes. Ghorbanpour Arani et al.
[5] obtained the natural frequencies of the double
walled carbon nanotubes (DWCNT) embedded in
an elastic medium using the Rayleigh-Ritz
method. They showed that the elastic medium
increases the stability of DWCNT. Wang et al. [6]
investigated the vibration behavior of the double-
layered nano-plates considering thermal effect via
the nonlocal continuum theory. They concluded
that as the half wave number increases, the effect
of small scale and thermal effect on the natural
frequencies are more considerable. Ansari and
Sahmani [7] presented the free vibration behavior
of nano-plates considering the surface stress effects
based on CPT and FSDT. They showed that the
surface stress effect parameter has more
considerable effect on the natural frequency of
nano-plate for both theories. Also fundamental
frequency of the nano-plate decreases with non-
positive value of the surface Lame constants and
vice versa for positive of the surface Lame
constants. Furthermore, fundamental frequency
decreases with an increase of the residual surface
stress. Wang et al. [8] studied the surface energy
effects on the nonlocal vibration of Kirchhoff and
Mindlin nanoscale plates for simply supported
boundary conditions. They showed that the surface
energy effect on the natural frequencies of the
nano-plates is more considerable and the natural
frequency of the nano-plates increases considering
the surface energy particularly for lower
frequencies but the nonlocal parameter has
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reduction effect on the natural frequency and this
reduction is higher for higher vibration mode
numbers. Jomehzadeh and Saidi [9] used
decoupling the displacement field equations theory
for three dimensional vibration analysis of nano-
plate via nonlocal elasticity theory. They employed
Navier's type solution and Fourier series technique
for extending analytical three dimensional solution
of a nano-plate. They concluded that the non-
dimensional frequency decreases with increasing
of the thickness to length ratio in constant nonlocal
parameter and this decrease in the second mode is
higher than that of in the first mode. Navier and
Levy solution methods for buckling and vibration
of nano-plates using nonlocal elasticity theory for
CPT are carried out by Aksencer and Aydogdu
[10]. Electro-thermo-nonlocal axial vibration
analysis of single-walled boron nitride nanorods
(SWBNNRSs) is studied by Mohammadimehr and
Rahmati [11]. They concluded that effect of the
small scale on the natural frequencies is higher in
lower aspect ratios and higher natural frequencies.
Aksencer and Aydogdu [12] studied Navier's
solution for the nonlocal forced vibration of single
layered graphene sheets (SLGS). They showed that
the nonlocal dynamic deflection is higher than the
local dynamic deflection and the dynamic
deflection decreases with increasing of aspect ratio
of SLGS and the nonlocal parameter. An analytical
solution obtained for vibration of SLGS resting on
Pasternak foundation with modified couple stress
theory by Akgz and Civalek [13]. They found that
the normalized natural frequencies decreases with
increasing the aspect ratio of SLGS and vice versa
for increasing of the length to thickness ratio and
material length scale parameter effect on the
natural frequencies decreases as values of Winkler
and shear modulus parameters increases. Vibration
behavior of rectangular SLGS as a nanomechanical
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sensor based on CPT using Galerkin method is
investigated by Shen et al. [14]. They concluded
that the natural frequencies of SLGS decrease with
an increase in the mass of nanoparticle or with
closing it to center of SLGS. By existence of the
nonlocal parameter, the natural frequency of SLGS
decreases. The natural frequency of SLGS has
more changes for the lower side lengths of the
SLGS with presence of nanoparticle. Shakouri et
al. [15] investigated the small scale effect on the
flexural vibration of SLGS based on atomistic
structural mode and couple stress theory. They
used the general weak form Galerkin method for
free vibration analysis with in-plane pre-stress
loads and environmental stiffness. Their studies
showed that for atomistic structural model, the
frequencies of graphene sheets more affected by
in-plane pre-stress loads and environmental
stiffness. Hashemi et al. [16] extended analytical
nonlocal free vibration of Mindlin rectangular
nano-plates for Levy-type boundary conditions.
They employed the potential functions and
separation of variable method for the displacement
variables decoupling. They showed that the
difference between nonlocal and local frequencies
of nano-plate is important in the high nonlocal
parameter value and the frequency ratio decreases
with an increase in the nonlocal parameter and
mode number. Wang [17] studied the bending and
vibration of nano-plates considering the surface
effect by finite element method based on Kirchhoff
and Mindlin plate theories. They found that surface
stress effect play an important role on the
fundamental frequency particularly in smaller
thickness for both Kirchhoff and Mindlin plate
theories. Rahmati and Mohammadimehr [18]
investigated the vibration analysis of non-uniform
and non-homogeneous boron nitride nanorod
embedded in an elastic medium under combined
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loadings using differential quadrature method
(DQM). They indicated that the non-dimensional
frequency ratio of non-homogeneous boron nitride
nanorod decreases with presence of electro-thermal
loadings and effect of them on the non-dimensional
frequency ratio is higher in short nanorods and
higher nonlocal parameter. Malekzadeh and
Shojaee [19] developed two-variable refined plate
theory for nonlocal free vibration of nano-plates
with different types of boundary conditions using
the differential quadrature method (DQM). They
also obtained analytical solution for simply
supported boundary conditions. They concluded
that this theory can be compared with FSDT and
higher order shear deformable theory (HSDT).
Increasing the nonlocal parameter and the aspect
ratio of the nano-plates has decreasing effect on the
natural frequency parameter. The nonlocal
transverse vibration of SLGS embedded in elastic
foundation under in-plane magnetic field is
investigated by Murmu et al. [20] for simply
supported boundary conditions. They found that
the frequency parameter of square SLGS increases
with in-plane magnetic field parameter and also the
frequency in higher modes is more affected by the
nonlocal parameter than in-plane magnetic field
parameter. Thermo-electro-mechanical vibration of
simply supported piezoelectric rectangular nano-
plates via the nonlocal theory and CPT are
considered by Liu et al. [21]. They concluded that
the influence of thermal- electro-mechanical
loadings on the natural frequencies of piezoelectric
nano-plates is very significant. Moreover the
nonlocal parameter effect has reduction effect on
the natural frequencies. Zhang et al. [22] studied
the surface effect on nano-piezoelectric plates.
They used material properties proposed by Millere
and Shenoy. They concluded that with the surface
stress effect the resonant natural frequency of
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nano-piezoelectric plates is higher than that of
without considering the surface stress effect.

Pradhan and Kumar [23] illustrated the
vibration behavior of orthotropic graphene sheets
with various boundary conditions using DQM via
nonlocal elasticity theory. Their results indicated
that the non-dimensional frequency of isotropic
plate is greater than that of the orthotropic plate.
Malekzadeh et al. [24] investigated the free
vibration of orthotropic arbitrary straight-sided
quadrilateral nano-plates based on FSDT using the
DQM. They showed that for the same thickness,
the small scale effect on the frequency parameter
of the quadrilateral nano-plates increases more
than those of the rectangular one. Ghorbanpour
Arani et al. [25] presented the buckling analysis of
laminated composite rectangular plates reinforced
by SWCNTs using analytical and finite element
methods. Mori-Tanaka approach is employed to
obtain the elastic properties of laminated
composite rectangular plates. The critical buckling
load decreases with increasing of CNT orientation
angle .

Pouresmaeeli et al. [26] presented Navier's type
solution for free vibration of the double-orthotropic
nano-plates surrounded by elastic foundation for
in-phase, out of phase and stationary modes. Their
results indicated that the non-dimensional
frequency of orthotropic plate is smaller than that
of isotropic plate. Also they showed that the non-
dimensional frequency of double-orthotropic nano-
plates increases with increasing of elastic
foundation and this increase for out of phase
vibration mode is higher than other vibration
modes. Nonlocal vibration analysis of orthotropic
nano-plates with thickness variation for different
boundary conditions is studied by Shahidi et al.
[27]. They computed the size dependent natural
frequencies of non-uniform nano-plates based on
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CPT with finite element method. They showed that
the natural frequencies increases with increasing of
thickness and this increase are greater in higher
mode number .

Vibrations of carbon nanotube-reinforced
composites (CNTRC) with Eshelby—Mori-Tanaka
approach and equivalent continuum model is
studied by Formica et al. [28]. The matrix material
of composite is assumed rubber, concrete and
epoxy. They showed that the frequencies of
CNTRC increase with increasing of CNT
orientation angle and the volume fraction of CNT.
Khan et al. [29] investigated the vibration damping
behavior of epoxy nanocomposites and carbon
fiber reinforced polymer composites (CFRPS)
including  multi-walled  carbon  nanotubes
(MWCNTSs) by the free and forced vibration tests.
They reported that damping ratio of CFRPs is
lower than that of epoxy nanocomposites.
Damping ratio of both epoxy nanocomposites and
CFRPs are improved by CNTs both in mode
vibration of 1st and 2st and this improvement is
higher for epoxy nanocomposites than CFRPs, also
damping ratio of CFRPs increases with increasing
of CNTs. Lei et al. [30] investigated the free
vibration  analysis of functionally graded
nanocomposite plates reinforced by SWCNTSs
using the element-free kp-Ritz method in thermal
environment based on FSDT with different
boundary conditions. The material properties of the
functionally graded nanocomposite plates are
varied through the thickness direction by linear
function of the volume fraction of CNTs. They
used Eshelby—Mori-Tanaka and extended mixture
rule approaches for material property estimation of
CNTRC plate. They showed that the non-
dimensional fundamental frequency of various
types of CNTRC plates increases with an increase

351

of CNT volume fraction and width to thickness
ratio.

In this article the free vibration behavior of
piezoelectric ~ square  nanocomposite  plate
reinforced by SWCNTSs based on CPT and FSDT
is investigated. Influences of nonlocal parameter,
surface stress, SWCNT volume fraction, SWCNT
orientation angle, aspect ratio, applied voltage,
magnetic field and elastic foundation on vibration
behavior of piezoelectric plate reinforced by
SWCNTs are studied. Material properties of
piezoelectric square plate reinforced by SWCNTSs
are predicted by Eshelby-Mori-Tanaka and the
extended mixture rule approaches. Also stress
surface and agglomeration effects on the free
vibration of piezoelectric nanocomposite plate
reinforced by SWCNTSs are investigated.

2. Various approaches to obtain the elastic
properties of nanocomposite

In this section, Eshelby-Mori-Tanaka (E-M-T)
and the extended mixture role (E-M-R) approaches
to obtain material properties of piezoelectric
nanocomposite plate reinforced by SWCNTs are
presented.

2.1. The extended mixture rule approach
In E-M-R approach, the material properties of
nanocomposite are defined as the following

equation [31].

El :771E1fo +Eme (1)
Ve Vo

E, E, E, (2a)
n VeV, @)
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wheren,, n, and n, are constants which are

defined by the molecular dynamic simulations and

usually vary from 0.7 to 1. E and E,, are

longitudinal and transverse elastic modulli,

respectively.

2.2. Eshelby-Mori-Tanaka approach

In this approach, it is assumed that nanocomposite
reinforced by straight and long CNT fibers; also
the fibers are uniformly distributed in the isotropic
matrix of composite. The stiffness coefficients are

stated as follows [32].

_ B (LY Vo0 )+ V(K 0y =1 ) (L0 ) (1-20,)
(L+0,){¥ oK, (1-0, ~202 )+ B, (14V, ~20,,)}
En [ ok, (L-up M0y (14V, —20,) -4 1,0, |
N,k (1-v, —202)+E, (14+V, -2v,)

Qll

Ep {EV, 2k (140, )V, (1-20, )+1]}
sz =
2(1+um){.wmk, (1-v, —202)+E, (14V, -2v, )}

En[EVq+2m, (34, —dv, )(1+v,)]
2(1+0, ){E [V +4/, (1-u,)]+2m, (3+V, —40} )}

E, {\/mum [En+2k, (L+v, )]+ 2V, 1, (1-07 )}
L+, )Xk (1-v, —202 )+E,, (14V —20,,)]

Q=

En[EV,+2m, 34V, —4u,)(1+v,)]
2(1+L)m){Em Vo +4, (1-v,)]+2mV,, (3+V, - 40} )} 3)
En[EVn+2p (14V, )(1+0,) ]
2(1+0, )[Eqp (14V, )+, py (14+0,)]

QM:

Qss =Q¢ =

where v, is the Poisson’s ratio of matrix
andk,,n, ,m, and p,are the Hill’s elastic

modulli for the CNTs [32].

3.The agglomeration effect of SWCNT
The SWCNT fibers are accumulated in polymeric

matrix due to lower flexural strength of CNT in its
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radial direction. Because of it, accumulation of
CNT in several zone of nanocomposite matrix is
higher than in other zones. For specification of this
phenomenon, the spherical region of accumulation
is called inclusion and two material constants K
and G both inside and outside of inclusion are

defined as the following equations [32]:

(8 =3k, V. ¢
= +
in m 3(§_Vfé'+vf§af)
V(6 -3k, )(1-¢)
S = S e v, 1)V, 0 C)ey |
= +Vfé’(77f_26mﬂf) @
"M 2(EV, C VY, CB)
Vi (77f ~ 6. f )(1_4,)
Gop =G + 2[1_4’—Vf (1—§)+Vf (]'_é’)gf :|

where & and { are inclusion volume to total
volume ratio and SWCNT volume fraction in the
inclusion ratios, respectively. If SWCNT fibers
are uniformly distributed in matrix then & is equal
to 1 and if thorough fiber agglomeration is

happened then & is equal to 1.in Eq. (4), 6, , o, ,

B and n, are written as follows [32]:
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3(ky +G, ) k¢ + 1,

YT 3k, +G,)
4G, + 2k, +I, 4G,
+ +
5 1 3(k;+G,)  G,+P
"5 2[Gm(skm+Gm)+c3m(3km+7Gm)]
G, (3k, +G, )+m, (3k, +7G,)
2k, +1; )(3k,, +2G,, —|
6f=1 nf+2lf+( ! f)( - i f)
2 G, +k;
E(nf—lf)+ 8CG,p
3 Gy, + Py
1 8m,G,, (3km + 4Gm)
e =¢

"5 3k, (m, +G,)+G, (Tm +G,)
E(kf—lf)(|f+2em)
3 (k+G,)
_ (Skoul - 2Gou'{)
U"”‘_z(sk +Gyy )

out

©)

1+v,,
3(1- 0y )
2(4— SU,, )

T 15(1-u,,)

B
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4. The motion equations of nanocomposite plate
based CPT and FSDT

If the mid-plane displacements of the plate in the x
and y directions are zero, The displacement fields
of CPT and FSDT can be stared as follows:

u(x,y,z) =zo,
V(X,Y,2) =20, (6)
W(X,Y,2) =W(X,Y)

where u, v, and w are the components of

displacement fields along x, y and z coordinates,

respectively. ¢,and ¢, are rotation components
about to X, y coordinates. It can be noticed that ¢,
and ¢ are equal to —ow(x,y)/ox and
—ow(X, y) /oy for CPT, respectively.

The kinematic equations are written as:

sxzza(px,g =z%
ox oy
ow ow
gzzolyyzz¢y+5'7/xz=¢x+a_x
o4, . 99, ")
V=2 —+—"
oy  oX

The constitutive equations for the piezoelectric

plate can be written as:
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o, Q, Q, © 0 0 ||e&,
O-Y Q12 QZZ 0 0 0 8)’
o,r=| 0 0 Q, O 0 |37y ¢~
O-XZ 0 0 0 Q55 O 7/)(2
oy)] | O 0 0 0 Qg |7y
[0 0 e
0 0 e,llE
0 e, O0E,
e15 0 0 Ez (8
10 0 0]
)
8)(
D, 0 0 0 e; Oflg
D,r=|0 0 &, 0 Ofq7y¢+
D, ey €, 0 0 0]|r,
7/xy
¢n O 0 E,
0 ¢, 0 |JE, i, j=XY

0 0 &yllE

z

In the above expressionso;, D;, &; and E; are
the stress, electrical displacement, strain and

electric field components, respectively. Qij <g;and

¢, are also stiffness matrix, piezoelectric and

dielectric coefficients, respectively. The electric

field in terms of the electric potential ¢ can be

expressed as follows:
E, =—9, )

The potential function is applied in the thickness
direction of the nanocomposite plate. This function
must also satisfy Maxwell's equations. This

function is considered as follows [33]:

M. Mohammadimehret al./ JNS 4 (2014) 347-367

d(x,y,z,t) =—cos(wz/h)p(x,y,t)+
22V, Ih (10)

In the above equation, V,is external applied

electrical voltage, (X, Y,t)denotes arbitrary

function of time and location that will satisfy the
Maxwell's equation. @ is the natural frequencies
of the nanocomposite plate that becomes zero in
buckling mode.

If the carbon nano-fibers in the matrix of the
nanocomposite plate have angle « , the coefficients
of fundamental relations must be changed as

follows:
Q' = RQR’l,e' =Re R’l,g' = RJR’1 (11)

where R is the rotation matrix that is considered as

the following form:

n~ m* 0 0 -2nm
n m* 0 0 2nm
R={0 0 n m 0
0 0 -m n 0 (12)
lnm nm 0 0 n*-m?|
where:
n =cos(a)
] 13
m =sin(«) =

Energy method and Hamilton's principle are
applied to obtain the motion equations of

piezoelectric nanocomposite plate reinforced by
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SWCNT. Considering the stress surface effect,

Hamilton's principle can be stated as follows:

[ (5T +6T° oW, —6U —5U°)dt =0 (14)

where U, U*®, 6T, éT*and W

.« are strain energy,
the surface strain energy, kinetic energy, the
surface kinetic energy and the work done by the

external forces, respectively. Subscript s
illustrates the surface stress effect.

Variation of strain energy is considered as follows:

0,0¢, +0,0¢, +0,08, —
6U:IL y=ry y Yy }dV
\

D,SE, - D,6E, - D,SE, (15)

Substituting Egs. (7), (8) and (5) into Eqg. (15) and

simplifying it, strain energy variation can be

written as follows:

2

Mx,xd(px + ZeISVO aa?\glé‘w_l— M y,y&py +

2
2¢e,,V, %5w+ M

&

op, +M 00, |dA

Xy, y

_Nxzd(px - Nxz,x SW— Nyzd(py + NyZ,y ow

7z
cos| — || -
( h j(
D
+I Im cos(ﬂzjaydgb— dzdA
z -hi2 h ) oy

T . Tz
—sin| — | D, 6
i 7D,

oD,
ox

where Njand M, are the resultant forces and

moments, respectively, which are defined as:

j&b— (16)
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NX GX
Ny h/2 Gy
N, ¢ = j oz
N -h/2 kG
17
N,, kGyZ (17)
MX h/2 GX
M, = j o, zdz
-h/2
MXV Xy

To consider the effect of surface tension is
assumed that o, varies linearly along the z

coordinate. Assuming constant surface properties
of the top and bottom layers of the nano-plate, the

surface stresses are stated as [7]:

s vz ( ow  o'w azw)

= — 47— —p.—5 |+ Eé& +

Gx h(l—l)) Ts axz Ts ayz ps atz sgx Ts

s 2vz ow  ow  dw
o,= T T —Ps—5 |TEé&, +7,

h(l—-v)| ° ox oy ot

i ow (18)

Oy =Ts—
oX

o, =T ow

yz S ay
whereE,, 7, and p, are the surface Lame

constant, residual stress constant and surface
density, respectively. Substituting Eq. (7) into Eq.
(18) yields:
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2,
o= 202 saz\ivﬂsa—\gl saz—\ZN +zESa§DX +7,
h(l-v)\ ~ o oy o x
2 0
U;: 2z 7582\2/4-75827\2/_ sa\ZN +ZEsﬂ+T<
h(l-v)\ ~ o oy ot x
(19)
o =r
X
s ow
Uyz =T55

Variation of the surface strain energy of

nanocomposite plate is calculated as follows:

00¢, + 0.0, +
SUS = j dAdz (20)
Al 0,06, + 0§Z5gyz

Substituting Egs. (7) and (19) into Eqg. (20) and
simplifying it, the following equations can be
obtained:

For nano-plate (matrix):

S° = vr,h? [6?\/\;L 8%2]&& vt h? ———
6L-v)| X axoy 6(1-v)

v’ ow ow

6l-v)| oy®  ayax?

]&py —4rs(b+h)(a2w o ]&N

o

+Es(bh2/2+h3/6)[§:% S0, +‘2y(pg &pyJ

_uph? [ dw o (21)
T6(1—v)[8t28x5¢xT6t28y &pyj

_er(b+h)(2(lv&pX +2yN&pyj

_yph? [ dw oW

T6(l-v)l e’ atly?

For SWCNT (fibers) [34]:
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o°’w  o*w
oUg, =+4r,,d| —+— |[OW—
ox° oy

o, T (22)
Escnt (377’-d3 /8) (8_;[; 6§0x + ayzy 5§0YJ

Kinetic energy variation and surface kinetic energy

variation can be expressed as following equations:

5T=Ip

\

(au odu  Ov oSV ow 65Wj
— +— +— dv
ot ot ot ot ot ot

2

2 A2
P09 s+ ph W

12 ot TP e oW (23)
—_ j L dA
V| pht To, ®
12 ot2

5Tssz

\

ou 06U OV OOV OW OOW
| ——+——+——|dAdz
ot ot ot ot ot ot

2
(bh2/2+h3/6)%+
(24)

62
aflzy + [dA

=—[p,| (bh*/2+h°/6) :

A
o*w
2(b+h)—
( )atz

where p is density of nanocomposite plate.

Work done by external forces such as Pasternak
foundation and the Lorentz force are considered in
this research. First Lorentz forces due to the
magnetic field that is entered separately in the
three coordinate directions are extracted then
variation of the work done by these forces is

presented.
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The electro-dynamic Maxwell's equations for the

nanocomposite plate can be written as [35]:

=)
Il

(0#)

(7xH)

<y
Il

V x
V x (25)
=7

where U, H and 77 are the displacement field (u, v,

w), the magnetic field and the magnetic
permeability, respectively. If the magnetic field (0,
0, Hz),

nanocomposite plate then substituting it in Eqg.

is applied in the thickness of the

(25), Lorentz forces are obtained as follows:

2 2 2 52
o= Z| T T a2 T8 7
X axay Xy

2, 20 N\ (26)
f,=nH, [a azvj )
¥ oy,

Then variation of the work done by the Lorentz

forces is calculated as:

SW. I = I( f ou+ fy,5v) dv

\

Work done by to the elastic foundation can be

written as:
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W ¢ = [(f, 0w +f 6w )dA
A
:j(kww5w —kgVZW5W)dA

A

(28)

where k, and k, are Winkler spring and

Pasternak shear constants, respectively.
Substituting of the obtained relations into Eq. (14)

becomes the following equation:

2
M, +M,, —N,+ Uz, ﬁl3\1+63—wz +
' e 6(1-v){ ox* oxoy

vt ow
6(1—U) aZ@( +Escm(377d /8)

82@ _

~2,b+h)

29
fl +E,, (3rd /8)62¢X=Es(bh2/2 h3/6)az<ox &%

[ph+(bh2/2+h3/6) jaz‘ox
12 a

2
Myyy+M —-N +Uh (63W aSWJ+

*BL-u) 'y
v’ Sw . 3 %
6l-v) 'y @/ G
o, (290)

f! 3nd°/8
y +Esen( ) ay

62
Tl +(bhe72+0°16) p, |2
12 a

bh*/2+h*/6
=E( )ay

N,,+N, +4T(b+h)(62w 62WJ LU

) 6(L-v)
2, 2,

Wk VAW ! - 5°”td(2<\;v+§}y\;q:

82W+ b’ ((dw  d'w

a2 el-v) o  atey?

(29¢)

(ph+2(b+h)p,)
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rz \( D,
hi2 COS(FJ( oX j5¢+

J

dz=C
h2 oD 29d
COS(%ZJ_@; 5¢+%sin(%zj D,5¢ (299

To consider the small-scale effect, the nonlocal
piezoelasticity theory is used. According to this
theory, stresses at a small scale can be stated as
follows [5]:

(1_(e a)ZVZ)Gnonlocal _ Glocal

) =

(1_ (e a)z VZ)DnonlocaI _ Dlocal (30)
) =

where e,a and V? are the nonlocal parameter and

the Laplacian operation, respectively. Using Eg.
(30), the nonlocal motion equations are obtained as

follows:

2 3,
M, +M,,—N,+ oh'r, 83—\,3V+ 8W2 +
' " 6(l-v){ ox° oxoy

2
(1-(e,2)°V?)E,(bh? /2+h°/6) a@)‘(ﬂx -

2r, (1—(e0a)2V2)(b+h)a—N +E,, (37d° /8)%+ (31a)

vph? Sw
6(1—0) OOX

ph’ &,
1-(e,) vz)[1 +(oh*/2+h*/6) p jatz

(1-(a)’ V)t =
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3, 3,
MYV+MXVX NVZ h aV3V ow A A2
o 6o\ oy° * ayox
2

(1 (&,2)2V?)E, (bh?/2+h° / 6) aj} -

2

215(1—(e0a)2V2)(b+h)2yN E,.(37d® /8) ay (31b)

vph’ o'w .
6(1-v) at’dy
P,

(1-(e,) VZ)( 1; +(bh? /2+h°/6) jatz

(1-(e@)’ V) f, =

Ny + Ny +47, (L (82)°V )(b+h)(azw+‘2;j+
vh’r

B 5)V“w+kw(1 (@)’ VA )w—k, (1-(e,2)*V?)V'W+

(1-(e2)° VO, — 47, (1~ (e2)°V)d (62W +Z;V2vj = (31c)
(1—(e0a)2V2)(ph+2(b+h)ps)§t—\2’+
vp? ( o'w . o'w
6(1-v)| ’ox*  ot’ey?
cos| 72 5 —
1-(e@)*V?) ( " ]( o ] =0 (31d)

oD, .
cos( h ] & 6¢——sm( h ]Dégb

Substituting Egs. (8) and (19) into Eqg. (31) yields

the following equations:

C,h? Cyh’ Ceh®
12 (px,xx 12 (pyxy bb¢x + 12
,Ceh®

12
. vh’z, [8% o

2
+ &L e, (3nd3/8)a—(’§
6(l-v)| &x°  axoy X

b, %%

(pyxy CSShW CSSh(px _Cc¢,x

2
+(1—(e0a)2v2)Es(bh2/2+h3/6)2(—(’§ (32a)

27, (1-(e,2)° V) (b + h)% ++(1-(e,2)° V)f

_ 292 Ph3 2 3 az(Px
=(1-(ea)’V )[12+(bh /2+h /G)psj e

V) h* ow
6(1 L) At2ox
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Cth3 szh3 ! Ceeh3

+cc'g, + +
12 (vaXy 12 (p)’vy}’ ¢,y 12 (prXY
C,h®

1 @y xx —Cahw, —Cpho, —ddg, +

vh’r, (o°'w  'w
o |+
6(1-v)l ay* oyox®

(1-(e,2)2V?)E, (bh? /2 + 1

2rs(1—(e0a)2v2)(b+h)% + (32b)

82
E.. (3rd® /8)% +(1-(gay V) f! =

3 82
(1—(e0a)2V2)[/ir2]+(bh2 [2+h3 /G)psj at‘ﬂy |
vph’ Sw
6(L—) oty

CMMW +C44h%,y +dd¢,yy +C55hVV +C56 XX +
cepy, +47,(1-(e0) VZ)(b+h)(82W Z;J+

6[()1h 2 VK (1 (o) VWK (0~ VIV

(A€ V) ! ~d,,, (1 (63) vﬁd[aw ZYWJ— (32c)

(1—(e0a)2V2)(ph+2(b+h)ps)g\;v+

o [ d'w . o'w
6(1-v)| at’ox* ooy

dlqox,x + dlw,xx + d2¢,xx + d3q0y,y +
d3W,yy + d4¢,yy + dsqox,x + deqoy,y - d7¢ = O (32d)

where
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h/2 h/2 7
d = I €5 cos[ jdz, d, = I ajﬂcosz(ﬂ]dz,
“hi2 “hi2 h
h/2 7z h/2 7z
dy= [ e cos[}iz,d4 - I &, Cos? [jdz
—h/2 h —h/2
h/2
d; = I ne“zsm[ }12 dg = zsm[”jd (33)
—h/2 h h h/2 h

e Lal5 ) (e

Assuming that the boundary conditions are simply
supported on all edges of the nanocomposite plate,
Navier's type solution can be used to solve the

motion equations as follows:

w(x,y)= zmlznlwmnei’“‘ sin(mzx/a)sin(nzy/b)

i-1 =

o (xy)= izn:(pxmnei’“‘ cos(mrx/a)sin(nzy/b)
=1 j=1

o (34)
(x.y)= Zquymnei’“‘ sin(mzx/a)cos(nzy /b)

i=1 j=1

Zmlzn:q}mnei’“‘ sin(mzx/ a)sin(nzy /b)

i=1 j=1

where m and n are the half axial and transverse
wave numbers, respectively.

Substituting Eq. (34) into Eq. (32), the matrix form
for the motion equations of nanocomposite plate

can be expressed as follows:

for FSDT:
w

(K-o™™) ?l_o (35)
Py

¢
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Kll I<12 K13 K14
K — K21 K22 K23 K24
K31 K32 K33 K34
K41 K42 K43 K44 (363)
M, 0 0 0
v|Me Mg 000
M, 0 M, 0
0 0 o0 O
mrm
Al =
Ches

K =-Cuh 2~ 7Cuh +k, (1+ E)? (22 + 47))
—4r, (1+(eoa)2(212+122))(b+h)(/122 +/1f)

o (L (. 22)) 522+ a5 (422
4, (1+(e a)’ (/112+122))(di +d, ) (47 +27) -
(1+€q)? (A7 +42))(mhH ] 27 +nhH 747 )

K, = —(1+(eoa)2 (212 +A~22))77hH y2 4 —Cyh 4y

K

K

5= ~Cah 2y —(1+ @) (47 + 47 ) JnhH 2,
1 =—dd Azz —ccﬂf
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Ko =—Cah 2, 6(1 )(A +] )=

2z, 1+ (eg2)* (47 + 22)) (0 +h) 4,

C,,h? C,h®
n=- 11 ﬂiz_ 66
12 12

(1+ o) (% +/12))’7h H 227

27 —Cesh—E ., (3r(df+d3)/8)4] -

~(1+ o) (2 + 2)) (A7 +A?)%Hj—
E (1+(e ay’ (47 +27) )(bh2/2+h3/6)
Kzsz[ Sl Cul {1+ ) (4 2) )[ ]J%

K, =(bb —cc)ﬂ1

2
vhor,

6(1—v) (/123 +/112/12)_
2z, (1+ (02)° (4 + 7)) (b +h)2,

Ky :_CAAhﬂa -

Cuh® Cgh? 2224 22V 2
K32:(_12_12_(l+(e°a) (' 2))5; ”ZJM
C22h3 2 C66h3 2
s=T T kT ~(L+ o)’ (40 ”2)) Hit -

Couh —(L+€2)" (47 + 27 ))E, (bh* 12+ 0*/6)A] -

€ o (37 (07+02) 18122 — (1 e (47 + 22)) (2 22) 20
Ky =cc'4,-dd 4,
Ko =4 —d A7
K42 :_(dl+d5)/11
K :_(d3+d6)lz
K, =-d,A’-d,A;-d,
M, =(L+ €@)* (% + 22))(ph-+2(b +h)p, ) -
vp;h
6(1- )(”1 +4)

_ uph?
2 6(1-v)

M, =(1+ () (4 ”z)){

A

+(bh?/2+h°/6) p, j

_ up,h?

“ 6(1-v) &

(36D)

For CPT:
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W
(K—an){ }:o (37)
¢
where
K:|:K11 K14i| M =|:M11 Oi|
K41 K44 ’ 0 0
My, = (1+ ()" (4 + 2 ) ) (ph+2(b+h) p, ) -
(38)

Upshz 2 2\ _
6(1-v) (ﬂi A )

(1+ (e’ (% +/1;))[%3+(bh2 12+h? /6)psj(lf +123)

To obtain the natural frequncy for Eq. (39a), the

determinant of coefficient matrix should be equal

to zero:

K -Mo?|=0 (39)
4. Results and discussion
Nanocomposite square plate made of

polyvinylidene fluoride (PVDF) reinforced by
SWCNTSs is considered in this research. Due to
piezoelectric property of PVDF and magnetic
property of SWCNTs, these composite
structures easily undergo the combined
loadings. For validation of the research with
other literatures, two steps are used as: firstly,
using the properties of nano-plate which listed
in Table 1, the natural frequencies of the
square nonoplate with considering surface
stress effect are compared with the obtained
results by Ansari and Sahmani [7]. It is
observed that there is a good agreement
between them (Table 2).
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Table 1. Surface and material properties of the
square nano-plate

Material properties
Young modulus 177.3GPa
Poisson's ratio 0.27
Density 7000Kg /m?
Residual surface
stress constant L7N /m
Lame surface stress
constant 3N /m
Surface density 7e-6Kg /m?

Table 2. The non—-dimensional fundamental
frequencies of the square nano-plate (h=1nm)

b/h Wy W, W33
[7] Present | [7] Present | [7] Present
10 | 1.003 | 1.003 | 1.023 | 1.023 | 1.056 | 1.0562
20 | 0.998 | 0.998 | 1.003 | 1.003 | 1.011 | 1.0106
30 | 0.997 | 0997 [ 0999 | 0.999 | 1.003 | 1.003
40 | 0.997 | 0997 [ 0998 | 0.998 | 1.000 | 1.000
50 | 0.997 | 0.997 | 0.997 | 0.997 | 0.999 | 0.999
In the second step, the non-dimensional
fundamental natural frequencies of

nanocomposite plate reinforced by SWCNT
for various width to thickness ratio (b/h) and
SWCNT volume fractions are listed in Tables
3 and 4, respectively. It can be shown the
results are very closer to the obtained results
by Zhu et al. [36]. Material properties, surface
properties and geometry dimensions of
piezoelectric nano-plate reinforced by SWCNT
which are used in this research are listed in
Table 5.

Table 3. The non—-dimensional natural frequencies of

composite plate reinforced by CNT

b/h Wy W, W33

[7] Present | [7] Present | [7] Present
10 | 1.003 | 1.003 | 1.023 | 1.023 | 1.056 | 1.0562
20 | 0998 | 0.998 | 1.003 | 1.003 | 1.011 | 1.0106
30 | 0997 | 0.997 | 0.999 | 0.999 | 1.003 | 1.003
40 | 0997 | 0.997 | 0.998 | 0.998 | 1.000 | 1.000
50 | 0.997 | 0.997 | 0.997 | 0.997 | 0.999 | 0.999




Table 4. The non—dimensional natural frequencies
of composite plate reinforced by CNT

vV b/h Present | [36]
CNT

0.11 10 13.5099 | 13.532
20 17.3042 | 17.355
0.14 10 14.9106 | 14.306
20 18.8946 | 18.921
0.17 10 16.7840 | 16.815
43.0968 | 40.630
20 21.3888 | 21.456

Table 5. Material properties, surface properties and
geometry dimensions of square nano-plate
reinforced by CNT

Parameters PVDF CNT
Elastic module 2.5;3P -
Poisson's ratio 0.3 0.175
Volume fraction - 0.14
Residual surface stress 1.7 0.9108
constant N/m N/m
Lame surface stress constant 4 N/m Si\}/?gz
Orientation angle - 0
Nonlocal parameter 0.5nm 0.5nm
Longitudinal elastic module - 5.6466 TPa
Transverse elastic module - 7.08 TPa
Shear module 1.9445 TPa
Length 20nm 20nm
Width 20nm -
Thickness 2nm -
Outer diameter - 1.4940nm
Inner diameter 1.36n m

The effects of various parameters on the
fundamental frequencies of piezoelectric
square nano-plate reinforced by SWCNT are
studied. E-M-T and E-M-R approaches are
used to define material properties of
piezoelectric nanocomposite plate.

Fig. 1 shows the non-dimensional frequency
ratio  (@uoniocal / Pocar ) Of  Piezoelectric

nanocomposite  plate  versus  SWCNT
orientation angle for CPT and FSDT. As it can

be seen that @, e / Pocar dECTEASES With @nN

M. Mohammadimehret al./ JNS 4 (2014) 347-367

increase in SWCNT orientation angle up pi/4
for CPT and vice versa for FSDT. Also

o, | ., decreases with increasing of the

nonlocal
nonlocal parameter (e,a) for both plate
theories. This fact is due to increasing atomic
distance. The results of E-M-R approach are
closer to E-M-T approach for FSDT with
respect to CPT.

1.002 —+— ERMand eja = 0.5nm ||
—4—E-M-T and €pd = 0.5nm
1 —o&— ERMand eja = 1nm
—8—E-M-T and eja = 1nm
p—o—¢ - ———4
sso] s e B e
[ S S B
3
&% 0.996
3
2 i = 5 B
5 0.994 g a4
E D\S\B\E E/E/za/m
0.902p— .
AN A
0.99
-
R =
0 10 20 30 40 50 60 70 80 920
0¢)
a
1
0.995 "
——S R ”\‘*jwjj*ﬁ—{
e
0.99

—+— ERM and €= 0.5nm
—<4— E-M-T and €= 0.5nm ||

o
©
@

n

—o— ERM and e@= 1nm

Dnonlocal / Dpocal

—3— E-M-T and €= 1nm

4
©
@

0.975—5 e s S A U=t =M
g N =€ \Q\* BT
o N
0.97 i
0 10 20 30 40 50 60 70 80 90
0C)
b
Fig. 1 Ouoca | @ O Piezoelectric

nanocomposite plate against CNT orientation angle
for various nonlocal parameter values a- CPT
b- FSDT

Fig. 2 depicts the effect of elastic foundation
parameters on @, oca | Pocar fOr FSDT and
CPT. As it can be seen for both theories

o, | @y, increases with the presence of

nonlocal
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elastic foundation. Also it is clear that the

results of @, n10cal

/ a)local

for both E-M-R and

E-M-T approaches are very closer together.

1
0.9995
T 0.999
g
3
©
8
5§ 0.9985
€ ERM and kw= 0
—+— ERM and kw = 5¢16 N/m®
0.9981 S ERMand kw = 1e17 N/m® | |
B E-M-T and kw = 0
—— E-M-T and kw = 5e16 N/m®
—* E-M-T and kw = 1e17 N/m®
0.9975 T T T T T
o 1 3 4 5 6 7 8 9 10
Ky (NIm)
a-
0.9938
0.9936
0.9934
®
8
3
~ 09932
= ;
g
£
2
B -
0.993 ERM and kw= 0
—+ ERM and kw = 5¢16 N/m°
1 —© ERM and kw = 1e17 N/im®
0.9928 E-M-T and kw = 0
—t— E-M-T and kw = 5e16 N/m®
—* E-M-Tand kw = 1e17 Nim®
0.9926 i : i i i
o 1 2 3 4 5 6 7 8 9 10
kg (NIm)
Fig. 2 Ononocal | Proca OF  PieZoelectric

nanocomposite plate versus the shear constant
(kg )forvarious Winkler spring constant a- CPT

b- FSDT

Fig. 3
magnetic

a)nonlocal

illustrates the effects of applied
field a
| @y for CPT and FSDT. It is

nd voltage on

concluded that @, e / @ocar 1NCrEASES With

an increase in the applied magnetic field and
voltage. As magnetic field in z direction and

voltage are

applied on

piezoelectric

nanocomposite plate, compressive loads are

produced, then @, ocar / @i INCreases. Also
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these effects on @, 0ca / @rocar @re higher for

FSDT with respect to CPT. Also it is
concluded that effect of applied magnetic field

and voltage on @, oca / @ocr fOr CPT are

negligible.
0.9996
0.9995
0.9995
ERM and Vo= -2 volt
0.9995 —«—ERMand V=0
®
8 —e—ERMand V_ =2 volt
& 0.9995 0 H
= E-M-T and V_ = -2 volt
= 0
8 0.9995 —+—-E-M-TandV =0
<
32 —e—E-M-Tand V, = 2 volt
0.9994
0.9994
0.9994
0.9994
0 10 20 30 40 50 60 70 80 9 100
H, (MA/m)
a-
0.9965
-
0.99 - =
o7
: e -~
b—o—& ¥
-
0.995 A
3 L7 -
] ,
g 0.9945 A e
E ~ ~
]
g e /
5 0.994f------- =
p [
—
0.9938 ! o —y V, = -2 volt
—+— ERM and V5 = 0
0.3 {+--2-2nds oz —&—ERM and V,, = 2 volt
E-M-T and V = -2 volt
0.9925 —+— EM-TandV,=0
—e— E-M-T and V, = 2 volt
0 10 20 30 40 50 60 70 8 90 100
H, ( MA/m)
Fig. 3. Oronocal | Proca OF  PieZ0electric

nanocomposite plate with respect to magnetic field
intensity for various applied voltages a- CPT
b- FSDT

Effects of nano-plate residual surface stress
(7,) and surface Lame constants (E,) on
surface fundamental frequency to non-surface
fundamental frequency (@, 1ace / @ronsurface ) Y€

displayed in Figs. 4. It can be observed that
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) 1X0) increases with an increase in

surface nonsurface

7, for both plate theories but effect of E, on

., .
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Fig. 4. Effects of residual surface stress constant
and surface Lame constant on @, / ® of
piezoelectric nanocomposite plate a- CPT b- FSDT

nonsurface

Effects of residual surface stress constant and

surface density (p,) 0N @gyrace | Dronsurace OF

piezoelectric nanocomposite plate for CPT are

shown in Fig. 5. It is clear that

o, lo increases with increasing

surface nonsurface

of p,.
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Fig. 5. Effects of residual surface stress constant

and surface density on o o of

surface nonsurface

piezoelectric nanocomposite plate for CPT

Fig. 6 illustrates the influences of inclusion
volume to total volume ratio (£) and SWCNT

volume fraction in the inclusion (£ ) ratios on

o, | @, Of piezoelectric composite

nonlocal

plate for CPT and FSDT. It is concluded that

o, | @, decreases with increasing of

nonlocal

¢ and vice versa foré. As { increases, the
SWCNT accumulation in PVDF increases

hence o, | @y, decreases.

nonlocal

In Fig. 7, effects of the nonlocal parameter and
aspect ratio (a/b) on @, ! Procar OF

piezoelectric nanocomposite plate for CPT and
FSDT using the E-M-R are demonstrated. As it

can be seen that deference of o, | @ a

nonlocal
in higher nonlocal parameter for FSDT is
higher than that of for CPT.
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5. Conclusions

In this article, the free vibration analysis of
piezoelectric nanocomposite plate reinforced
by SWCNT based on CPT and FSDT is
studied. The extended mixture rule and
Eshelby-Mori-Tanaka approaches are
employed to obtain elastic properties of the
nanocomposite. The motion equations are
derived by energy method and Hamilton
principle. Navier 's method is used to obtain
the natural frequency of piezoelectric
nanocomposite plate. Influences of the
nonlocal parameter, aspect ratio, SWCNT
volume fraction, SWCNT orientation angle,
surface stress parameters, elastic foundation
parameters, magnetic fields and external
applied voltage, SWCNT agglomeration effect
and surface stress effect on the non-
dimensional frequency ratio of piezoelectric
nanocomposite plate are investigated. The
results of this research can be stated as follows:
The nonlocal fundamental frequency to local

fundamental frequency ratio (®,ocar ! @rocar )

of piezoelectric nanocomposite plate increases
with an increase in volume fraction of SWCNT,
aspect ratio of b/h, aspect ratio of a/b, elastic
foundation  parameters, applied voltage,
magnetic field and inclusion volume to total

volume ratio (&).

o, | @, Of piezoelectric nanocomposite

nonlocal
plate decreases with increasing of SWCNT
orientation angle for CPT, SWCNT volume
fraction in the inclusion (£ ) and the nonlocal

parameter.

Increasing of o, | @,y Of piezoelectric

nonlocal
nanocomposite plate with the positive applied
voltage is more than that of with negative
applied voltage.
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The surface frequency to non-surface frequency

ratio (@ lo of  piezoelectric

surface nonsurface )

nanocomposite plate increases with increasing of
surface density.

Q) lo of piezoelectric nanocomposite

surface nonsurface

plate decreases with increasing of residual surface
stress constant.
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