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The BFT approach is used to formulate the electronic states in
graphene through a non-commutative space in the presence of a

constant magnetic field B for the first time. In this regard, we
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1. Introduction

Graphene is magical material of the 21th century
and basically it is a flat monolayer of carbon
atoms tightly packed into a two-dimensional
(2D) honeycomb lattice [1].

From the electronic point of view, it is either a
zero-overlap  semimetal or a  zero-gap
semiconductor, where the conduction and the
valence bands are no longer separated by an
energy gap [2]. On the other hand, electrons in
graphene behave like photons or other ultra-

relativistic particles (such as neutrinos), with an

energy-independent  velocity v, that s

approximately 300 times smaller than the speed
of light [3].

Formally, their quantum-mechanical behavior
is no longer described in terms of a (non-
relativistic) Schrédinger equation and the Dirac
equation must be used for the massless neutrinos
instead [1, 3, 4]. However, the connection to
relativistic physics is even deeper than this
because the Hamiltonian for the particles near
the K (or Dirac points) that the condition band

and the valence band are touched may be written
as H=v ;ﬁ. o where ﬁ = hk is the momentum

of the particles and ¢ are Pauli spin matrices
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acting on the honeycomb sub-lattice degrees of
freedom [3]. This is the Dirac equation for
massless relativistic particles with linear energy
spectrum in 2D. Many of the interesting
electronic properties in graphene are resulted
from this dispersion relation [5].

When electrons are confined in two-
dimensional (2D) systems, at low temperatures
and inserted strong magnetic field perpendicular,
the quantum Hall effects (QHE) can be observed
that is a manifestation of quantum mechanically
enhanced transport phenomena on the Landau
electronic levels. The early indication for the
quantum effects on transport phenomena of the
2D electrons inside a strong magnetic field was
found by Shubnikov and De Haas in 1930.

They found that above a threshold field, the
longitudinal resistivity oscillates as a function of
the field [2, 6]. In the QHE, the Hall resistance is

2
Oy =V E?, where v is filling factors and could

be an integer or rationale number
respectively.However, the quantization condition
in graphene is distinctively different and in
particular, very unusual half-integer quantum
Hall effects were discovered. It provides an
unambiguous evidence of the existence of Dirac
fermions so graphene is strongly peculiar from
the other conventional 2D electronic systems
(containing carriers with finite mass) [1, 4].
Moreover, the quantization of dynamic
systems in classical phase space were
implemented by Weyl —-Wigner —Groenewold —
Moyal method. The WWGM method works well
for observables possessing a classical limit. The
method shows in a non-commutative space, the
coordinate operators satisfies the following

commutation relation

[x“,xqzié"”
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Where ¢“'is the anti-symmetric matric and the
ordinary products are replaced by the star ones
[7, 8]:

B '”r‘;"-*&— —= = 3 %
" ‘m’{ (ﬂx-“ﬂ'p apuam”

Corresponding to the quantum commutators one

considers the Moyal bracket of two observables
£ (P,Q)and g(P,Q) is:
[F(P,0), g(P,0)] = f(P,Q) x g(P,Q) —
gPal = fFr, Q)
In addition the Moyal bracket of the matrices
M, (P,0) and N, (P,Q) can be defined as:

(M (P.0), N(P,O)s) 5 = M 4o (P.O)* N (P.Q)
Ny (P.OYM , (P.O)

To take into account this fact we define the

“semi classical” bracket
{M (P,0),N (P,0)},. = [M N1+
M (P,Q),N(P,Q)}—%{M (P,Q),N(P,Q)}

Where the first term on the right hand side is
the ordinary commutator of the matrices and the
last two terms are Poisson brackets [9].

The inserted constraints are specified in
classification of the gauge theories and in this
regard, a quantity such that its Poisson brackets
with all the constraints are weakly vanish, is first
class constraint (FCC) otherwise it is second
class constraint (SCC). Systems that have FCC,
called gauge theory [10].

Appearance of SCC, breaks the gauge
symmetry, and for quantization of the SCC
systems we must use Dirac brackets instead of
Poisson brackets. However this procedure may
implies some difficulties such as factor ordering.
The BFT approach introduced by Batalin,
Fradkin and Batalin — Tyutin gives an alternative
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method for quantization of the SCC systems [11,
12].

This method is based on extending the phase
space to include a set of new variables and then
writing the constraints, similar to the physical
quantities, as a power series in terms of these
added variables [13-15].

Here, we investigate moving of an electron in
a 2D graphene system as a SCC system. So
according to the BFT method, we convert the
SCC system to the FCC and introducing a new
gauged system.

In section 2 we use the Lagrangian and
structure of constraints for the graphene systems
in the non-commutative space. In section 3 we
study moving of an electron in 2D space then in
section 4 we briefly review BFT method. In
section 5 we apply the BFT approach to the
graphene system and finally the section 6 is

devoted to conclusion.

2. Graphene Systems in Non-commutative
Space

We consider a 2D non-commutative space,
the first order matrix Lagrangian adequate to

formulate spin dynamics in this space, is [7, 9]

s a

0
L :i“[pT“I+pAa(r)}—p2 I{ra+Lﬂpﬁ:|

7
_HO(rap)

(M

Idenotesthe unit matrix possessing the

same dimension with the matrix valued gauge
field4,. We denoted the coupling
constants p . Although (1) isclassical, A is

present to furnish the constant and anti-

symmetric non-commutativity parameter
2
0,,with the dimension (length) . The

canonical
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momentaPI _[pe =£,P" _ a-L
or, " 0p,
corresponding to the coordinates Q, =(r,,p,)

yield the dynamical constraints. [§8]

l//la:(ﬁrtz_;_pa)l_pA—a (2)
a S 1 a Haﬁ (3)
l//2 Z(Pp +5}" jI-FTpﬂ
They satisfy the semi classical relations
{l//la’l/llﬂ}c - pF,, 4
o (%)
2a 24 _ ap
{l// 14 }C T
{V/la"/IZﬂ}C — _é‘aﬂ (6)
04
F,, ——ﬂ—aA—“—ﬁ[Aa,AﬁJ
or, Org h @)

Where F,; is the field strength and 5aﬁ is the
Keroneker delta. We can introducing the semi-
classical Dirac brackets
{M.Nj, =

(M,N}. —{M,l//z}c CMw..N (3

-1 - : zz' z z'
WhereC ™ is the inverse of C 7 Z{l//a,l//ﬁ}

o
We can extend the canonical quantization rules

. . 1
to the matrix observation by { , }CD N E[ , ],
and with distinguish the matrix commutators and

relations (4-6) and quantum commutation

relations, can introducing generalized algebra:

(7.7 ,=i07 ©)
[p“.p ] =ihpF* ~i p(FOF)” (10)
| 7. p" |=ihs —i p(OF ) (11)

Note that we keep first order fand if@=0,

then relations (9-11) come back commutative
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space. A realization of the generalized algebra
(9-11) and a Hamiltonian H (p,r) should be

provided.
ﬁa: ; p F HﬁVD (12)
13
r —ra——HaﬂDﬂ (13)
2h
0 (14)

D, =—ih——-—pA
a P P,

r

(12-14) satisty the algebra (9-11). To illustrate
the method let the initial

Hamiltonianbe i (p)= » Substituting p
2

with the quantum operator (12) one obtains

the @—deformed Hamiltonian
H(p)=H,, =

2
L (p - L F,,0"D
2m 2h 4

(15)

3. Electron on 2D plane
Now, if we consider an electron moving on

the two-dimensional plane 7 =(x,y) in

graphene in the presence of the uniform external
in-plane electric field E and the uniform external

perpendicular magnetic field B, and the field

strength F,, = ¢, B and constant p =~
) C

[f,ﬂq:ie (16)

(6,5, = - <22 (1-22

157, L_lh( ’fﬁ}é (18)

Choosing the electric field to lie in the

j (17

direction of the x-axis, and by choosing

symmetric gauge 4. :ﬁg_iri , the Hamiltonian
i 2C ijo,

in non-commutative space is taken as:
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1 ., -
=—p+eEx
nc 2p1

2
19
1 D, ——F HﬁyD +eExX (19
2m 2h
~ (1) eB 0O eB (20)
p =1~ o
2hc 2c¢
_ 21)
(1 B0, 0, (
7 ( 4hcjr' 2c CP

By plugging (20) and (21) into (19) one
obtains the Hamiltonian [8,9].

1 eB 77
an :E[(l—hc)pl —E8ijl"/:|

eE 0
7 p,

—iAVand xk =

(22)
+eE (1-k)

oBg

Where we defined p; =

o

4. Review of the BFT Method
We consider a SCC system described by

Hamiltonian 7, in phase space with coordinate
(¢',p,)thati =1,2,....k . Assume we are a given

a set of SCCQ, ,a=1,2,..,msatisfying the

algebra:
A, =1{Q,.Q,} (23)
Where {, } is the Poisson bracket and A, is

an invariant matrix. To convert this second class
system into a gauge system, i.e. a first class
system, one should extend the phase space by
introducing the same number of auxiliary
variables as that of SCC. We denote variables
by r* with following algebra:

n“n’}=o0" (24)
Where @“” is an anti-symmetric matrix which

we assume it to be constant. The FCC in the

extended phase space (q,p) @ (n7) are defined as
t,=1,(q,p,1) a=12,.,m (25)
With the boundary conditions

7.(4,p,0)=Q,(q,p) (26)
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In the Abelian BFT embedding method one
demands that these extended constraints are

strongly involutes:
_ 27

{Z’a,Tﬁ} =0 @7

The solution of the above equation can be
obtained by considering 7 as:

— N n)
T, = ;ra 28)
Where 7" is order n with respect to 7 s.

according to the boundary condition (26) we

have
29 =0 (29)

a a

Substituting (28) into (27), lead to a set of
recursive  relation.  Vanishing the term

independent of 77 gives:
0 0 1 1
CEANCED)

And vanishing the term of order n with

_0 (30)

77)_

respect toy*’s for n =1 gives

(1) _(n+1) (n) _ 31
{T[a 3T }<77>+B“ﬂ =0 n=1 GD
Where
B = ,<0>,T<1>
ap { [« ﬂ]} (32)

1
) _ L _ (n-m) _(m)
By —2B[am—2{7a »Tp }

n-2 (33)
+ Z {T(nfm),rém”)} n=2

m=0 ()

The suffix in the above equation means that

the Poisson brackets must be evaluated with

respect to p variable only, otherwise they are
calculated in the basic (g, p). The above equation

are used iteratively to obtain the correction

Z.(1)

terms 7" . Since is linear with respect to

1 we may write:
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v = Xapa,pIn’ (34)
Substituting this expression into (30) and using
(23) and (24) we obtain:

Aaﬂ+la;/w}/lzﬂl:0 (35)
This equation contains two unknown

elements, y,, and ®“” .One should at first

assume a suitable anti-symmetric matrix for

@’

and then solve (35) to determine the
coefficient equation for y,,. Since A, and

ap

w are anti-symmetric matrices, there are

totally (" —1) independent equation for Xop
2

while the number of y,,’s are m’. Therefore
there existan infinite number of solutions for
Xopand we are allowed to choose any solution
we wish. Using this possibility, y,,’s can be

chosen such that the process of determining the
correction terms T;”) terminate at this stage, i.e.
7° vanishes. We will come to this point in the
next section. It can be seen that the general
solution of (31) is given by [16].

(n+l) _ _
o =

H vpp (n)
n+277 @, X BM n=>1

To construct corresponding Hamiltonian

H(p,q,7) in the extended phase space we

demand
~ I 37)
H — H (n) (

Where H™is of order n with respect
ton” ’s. Such that

H(q,p.0)=H,(q,p) (38)
{z’a JH } =0

Substituting from (28) and (37) in (38) gives:

{0 HODY G =0 020 (39)
n

(36)
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Whereg(as the generators of the Hn1)

are defined as the following
GO = {T(O),H <0)} (40)

) — [ fF (0 () fF
G, ={ra ,H }+{1a ,H }

- 41
+{T;2),H(l)} ( )
n
n ~
Gﬂ({n) - Z {Z_c(lnfm)’H (m)}
m=0
n-2 - 42
+ Z {T;n—m)’H(erZ)} ( )
m=0 ()
#{r o0 H 0 n >
(1)

It can be shown that the general expression
for H™ is:
(43)

T (n+1) _ a Bvy (n)
H - n waﬁl Gv

n+1

This completes the BFT method of
converting a second class system to a strongly
involution first class one. As can be seen the

correction terms 7" and H™ are derived

a
iteratively from (36) and (43). Generally, there is
no guarantee that the series terminate at some
definite order. However, the series will

terminate if B;;) and G m vanish for a certain

ordern, = N [13-15].

5. Embedding Method on a Graphene
Model

In this section we have preform BFT at an
electron that moving on 2D plan in graphene(see
section 3). By consider SCC[Js (2) and (3) and
Hamiltonian (22) we use these possibilities to
find a systematic method to truncate infinite

series encountered in BFT method. We should
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solve the iterative equation for ré") and H™ By

using (4), one can write A -matrix (23) as

0 ﬁ -1 0
C
_é 0 0 -1
A = ¢ (44)

1 0 0 2

h

0 1 —2 0

/]

We introduce SCC in non-commutative

Space as:

' v} =pF,,

0[1
v w?} = <

{l//m 14 2 }C = _5dﬁ

Where p is constant, F, 5 =EupB s and S, is

(45)

keroneker delta and 6,, is constant and anti-

symmetric matrix .We consider

11 21

¥, =y ¥, =y

(46)
\P s = l// 12 \{j A = l// 22
In this case A 1is constant, and it is easily

that choicew=—-Aand y =1, then solve the

basic equation (35) .We know that T::ID:I , thus

posses
V=¥, 7, =V,
(47)
V=V, V=V,
By this choice we write as: 7.’ = ;(aﬁnﬁ ,
and we have
W=y =y
(48)
O
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M

Sincer,’ is only a function of 77, it can be G ;1) Can be derived from (41), and give:

seen for m >1 ,all other BY) vanish, thus

t* = 7"+« and one can write as: GM = eB | (1-2x) |:2773 _nz:l
2c m n (56)
=¥, +n'
T 2= ¥, + n 2 eB 1-2x 2l
3 _ 2 3 49) Gz(l):__ ( ) |:771+_774:|
=Y, +7 2¢ m h 57
=Y,+7n !
That leads to the following finite order GO = (1 2K ) {,71 + 2,74}
) . m h (58)
embedding for the constraints.
Now, for complete our procedure we should G (1 21() { 01 }
also construct the extended Hamiltonian. ) m h (59)
Inserting @,A and y into (43), the correction For n>2 ,G {in) vanish, thus consequently
terms of Hamiltonian as: —(3)
H =0.
For n =0 then _ _
2 oB In this case one can finally write:
= e
e e e A H=H" + AV 47 (60)
G“”[n +677}+G§°)[ n 77}
h h Equations (49) and (60) represent a finite
G” Can be derived from (40), and give: order gauge theory in BFT method.
G =—¢E (1-x) (51) 6. Conclusion

We consider a SCC system described by
G =0 (52) Hamiltonian H,.for a 2D graphene in non-
commutative space. We know SCC illustrate

break of gauge symmetry, where Dirac

quantization encountering with some problems.
(53)
In order to remove the problems, we use

5 BFT approach which by extension of the phase
GO = [M}[(l_z,() P, _Aa]_% (54) space and introducing a series of auxiliary
fields the SCC converts the FCC so the

ordinary direct gauge quantization methods
For n =1 then . . .
would be applicable. The series of constrains

and the extended Hamiltonian would have
eB . ) ) .
G“’[ e +774} infinite terms but by choosing a set of suitable

1

2 (55) L ,

[771 +gn4}+lG(°) [Qrf —772} parameters (A, and ®””) it is possible to
h 2 h

~ 1 eB
Ji . _Glm {773 _&e }
2 c

_Lgo
2 3
achieve a finite order of the BFT method and

hence to make the constrains conversion. In
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continue, the extended new Hamiltonian could
be gauge quantized routinely.

Our work describes the graphene in a 2D
non-commutative plane as a fully gauged
symmetrical model.
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