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Abstract 
This paper presents results of a numerical study of mixed convection 
and entropy generation of Cu–water nanofluid in a square ventilating 
cavity at different inclination angles. Except a piece of bottom wall 
with a uniform heat flux, all of the cavity walls are insulated. The 
inlet port is placed at the bottom of the left wall and the outlet port is 
positioned at the top of the right wall. Entropy generation, Bejan 
number, average Nusselt number and heat source temperature have 
been investigated for Richardson numbers between 0.1 and 10, 
Reynolds numbers in the range of 1 and 300, solid volume fractions 
between 0 and 0.06 and cavity inclination angles between 90o and 
90o. The results show that the average Nusselt number increases with 
increasing Richardson number for cavity inclination angle of 30o, 
60o and 90o but decreases with increasing Richardson number for 
inclination angle of 30o, 60o and 90o. Total entropy generation 
and entropy generation due to heat transfer decreases with increasing 
Richardson and Reynolds numbers, but the Bejan number increases 
with increasing Reynolds and Richardson numbers. 
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1. Introduction 

Combined natural and forced convection, 
commonly called mixed convection, is used in 
solar energy storage, heat exchanger, lubrication 
technology, electronic equipment cooling, and 
heating and drying processes. A serious 
limitation for development of energy efficient 
heat transfer is low thermal conductivity of 
conventional fluids such as water, ethylene 
glycol and etc. An innovative technique to 
improve the heat transfer is use of nanofluids. 
The subjects of addition of nanoparticles to the 
base fluid and the effective thermal conductivity 
and viscosity of nanofluids obtained have been 
topics of intensive analytical, numerical and 
experimental investigations [1 7]. 

By investigating the physical, geometric and 
the total entropy generation of processes, 
researchers can design systems with minimum 
loss of available energy and enhance the thermal 
performance of the systems. For natural 
convection heat transfer, many investigations on 
the local and total entropy generation of 
conventional fluids in variety of geometries have 
been done so far [8 12]. For mixed convection, 
Tasnim and Mahmoud [13] focused on the nature 
of irreversibility analysis inside a vertical 
cylindrical annulus based on entropy generation. 
They derived an analytical expression for the 
velocity and temperature which essentially 
expedite to obtain expressions for local and 
average entropy. Further entropy generation 
minimization analysis was performed to calculate 
the optimum radius ratio and a correlation was 
proposed. Boulama et al. [14] investigated the 
steady state, laminar and fully developed mixed 
convection of a binary non reacting gas mixture 
flowing upward in a vertical parallel plate 
channel, analytically. Ben Mansour et al. [15] 
obtained explicit analytical expressions for the 
temperature and velocity profiles as well as for 

the axial pressure gradient in a vertical tube. 
Chen et al. [16] numerically investigated the 
entropy generation, irreversibility factor and 
Bejan number in mixed convection. 

Due to practical importance, the heat transfer 
characteristics of nanofluids mixed convection 
within tubes or driven lid enclosures have been 
subjects of some other studies [17 20]. Steady 
laminar forced convection inside a square cavity 
with inlet and outlet ports for different location 
and width of the ports was studied by Saeidi and 
Khodadadi [21] using a finite volume based 
computational method. Shahi et al. [22] also 
studied mixed convection flows of Cu–water 
nanofluid in a square cavity with inlet and outlet 
ports numerically.  

Entropy generation of nanofluid mixed 
convection within a square cavity with inlet and 
outlet ports has not been subject of any study yet. 
In this study a square cavity having a uniform 
flux heat source placed on the bottom wall, 
similar to the geometry of Saeidi and Khodadadi 
[21] and Shahi et al. [22], has been considered 
but unlike them different inclination angles of the 
cavity has been considered. The effects of 
volume fraction of nanoparticles, inclination 
angle, Re and Ri on the details of the flow, the 
average Nusselt number, entropy generation and 
temperature distribution on the heat source 
surface have been investigated. 

 
2. Problem statement and boundary 
conditions  

The geometrical configuration of the 
two dimensional square ventilated cavity 
considered in this study is shown schematically 
in Fig.1. A uniform heat flux section is 
embedded on the bottom wall. The cavity is 
subjected to ventilation of Cu-water nanofluid. 
The inclination angle of the cavity is measured 
with the angle of bottom wall with horizontal, 
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The dimensionless entropy generation and 
irreversibility factor, χ , are defined respectively, 

as: 
2 2

0
2gen gen

f

T LS s ,
k T∆

′′′ ′′′=  

2 2 2 4
0 0 0
2 2 2 2 2Re

nf f nf f

f f

U T k T g L
q L Ri k v

µ µ β
χ = =

′′

(6) 

The total entropy generation due to heat 
transfer (Sgen,h) is determined by integrating  

,gen hS ′′′  inside the cavity, as:  
1 1

, ,
0 0

gen h gen hS S dXdY′′′= ∫ ∫ (7) 

Similar integration of 
,gen vS ′′′  is performed to 

obtain the total entropy generation due to viscous 
effect (Sgen,v). The total dimensionless entropy 
generation (ST) is summation of Sgen,h and Sgen,v. 

Bejan number is defined as the dimensionless 
entropy generation due to heat transfer divided 
by the total entropy generation expressed as: 

,gen h

T

S
Be

S
= (8) 

Thermal diffusivity and the effective density 
of the nanofluid, respectively, are given as: 

( )
nf

nf
p nf

k
c

α
ρ

= (9) 

(1 )nf s fρ ϕρ ϕ ρ= + − (10) 
The heat capacitance and the thermal 

expansion coefficient of the nanofluid, 
respectively, are: 
( ) ( ) (1 )( )p nf p s p fc c cρ ϕ ρ ϕ ρ= + − (11) 

( ) ( ) (1 )( )nf s fρβ ϕ ρβ ϕ ρβ= + − (12) 
The viscosity of the nanofluid is estimated 

using the Brinkman model given by [2]: 

2.5(1 )
f

nf

µ
µ

ϕ
=

−
(13) 

The effective thermal conductivity of the 
nanofluid is approximated by the Maxwell–
Garnetts model [3] expressed by: 

2 2 ( )
2 ( )

nf s f f s

f s f f s

k k k k k
k k k k k

ϕ
ϕ

+ − −
=

+ + − (14) 

The local Nusselt number and the average 
Nusselt number on the heat source surface, 
respectively, are: 

1
( )f

hLNu
k xθ

= = (15) 

3
4

42

1 L

Lm L
Nu Nudx= ∫ (16) 

The boundary conditions are: 

Vertical walls: 
0

0

U V

X
θ
= =


∂

= ∂ 

(17) 

Top wall and 
insulated parts of 
bottom wall: 

0

0

U V

Y
θ
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
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= ∂ 

Heat source: 

0

f

nf

U V
k

Y k
θ

= =

∂ = −∂

 

Inlet port: 
1, 0

0
U V

θ
= =

 = 

Outlet port: 
0, 0

0

U V
X

X
θ

∂ = =∂
 ∂ =
 ∂ 

 
4. Numerical method 

The continuity, momentum and energy 
balance equations have been solved through a 
control volume formulation given by Patankar 
[24]. The SIMPLE algorithm has been used for 
the pressure velocity coupling. To study the 
effect of the grid size on the results, a complete 
study was performed on the number of grid 
points in uniform mesh. The results of this study 
for two cases are shown in Table 2. Variation of 
the Num and total entropy generation by varying 
the number of meshes show that 181×181 
meshes are sufficient. 

In order to validate the numerical results, the 
entropy generation, the Be number and Num 
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number were obtained for a cavity problem 
similar to the study of Oliveski et al. [11] for 
various constant irreversibility factors. 
Comparison of results, presented in Table 3, 
reveals good agreement. 

 
Table 2. Effect of grid size on Num and total entropy 
generation for two particular cases. 

Number 
of grids 

Ri=10.0, Re=50, 
φ=0.02, γ=0.0o 

Ri=5.0, Re=1, 
φ=0.06, γ=30o 

Num TS Num TS 

151×151 12.356 6.27e 4 4.36 1.868 
171×171 12.356 6.28e 4 4.72 1.919 
181×181 12.356 6.32e 4 4.92 1.946 
191×191 12.356 6.33e 4 5.03 1.954 

 
Table 3. Comparison of results obtained in this study* 
with those of Oliveski et al. [11]**. 

 Num Be  TS  χ  Ra 

*  4.667  0.196  23.172  
10 4  105  

**  4.531  0.183  23.87  
*  1.118  0.9701  1.153  

10 4  103  
**  1.116  0.96  1.16  

 
5. Results and discussion 

In this section, results are presented for a 
parametric study executed for Ri between 0.1 and 
10, Re in the range of 1 and 300, φ between 0 
and 0.06 and γ between 90o and 90o. The effects 
of these parameters on flow pattern, Nusselt 
number, heat source temperature, entropy 
generation and Bejan number are investigated 
and discussed. 

 
5. 1. Flow pattern 

Due to page restrictions it is not possible to 
present the streamlines, thus a brief description 
of the flow field is presented here. When Ri 
approaches zero, forced convection dominates 
and natural convection is not important. For this 
condition and when Re has low value, the 
velocity of nanofluid entering the cavity is low 
and as it expands inside the cavity the velocity 
decreases further. For small values of Re and Ri, 

the flow passes through the cavity without any 
vortexes being created and the streamlines for 
pure fluid and nanofluid with nanoparticles 
volume fractions of 0.06 are almost overlapped. 
For these cases, by changing γ from negative 
values to zero, stream lines remain unchanged. 
But change of γ from zero to 60o increases the 
values of the streamlines near the heat source 
surface. 

The buoyancy force created by heat transfer 
from heat source to nanofluid causes the fluid to 
move upward. Its movement is somehow 
opposite to inlet fluid at the negative angles 
while assisting it at positive angles. Therefore, at 
Re= 300 and for γ= 60o two vortexes are created 
for both Ri=0.1 and 10. Change of γ from 60o to 
0o and then to 60o, causes the bottom right 
clockwise cell to weaken and in some cases to 
disappear. Also the size of the left 
counterclockwise cell increases. Consequently, 
the inlet fluid gets close to the surface of the heat 
source and sweeps the heat source more 
efficiently and the values of stream lines near the 
hot surface are increased resulting in enhanced 
heat transfer. It is noteworthy that at Ri=0.1 
buoyancy force is weak, thus the size of the right 
cell is smaller compared with its size for Ri=10. 
At Ri=10, the buoyancy force and natural 
convection heat transfer reaches its maximum 
value. Thus pesky force for γ <0o and 
reinforcement force for γ >0o are increased to 
their maximum values and hence the effect of 
angle variation becomes more evident.  

With increasing Ri at a specific Re number, 
the buoyancy force increases and mitigates the 
fluid tendency to move upward. With increasing 
Ri at γ<0o, the right vortex get stronger and 
consequently the inlet fluid recedes from the heat 
source surface. But for γ>0o, the buoyancy 
induced heated flow inside the cavity and the 
inlet flow become concurrent, thus the vortex in 
the right corner of the enclosure shrinks. 
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5. 2. Average Nusselt number 

Fig. 2 shows the variation of Num on heat 
source surface for inclination angles between 90 
and 90 o. The Num increases with either Re or φ 
increment. The rate of change in Num with Re is 
higher at lower Re numbers. From Fig. 4 it is 
observed that adding nanoparticles to base fluid 
enhances Num in all of the cases studied. Two 
different behaviors are observed for the effect of 
changing the Ri. The Num decreases by 
increasing Ri at γ<0o such that the maximum 
Num reduction occurs at γ= 90o. At this angle, 
the fluid moving upward due to buoyancy force 

blockades the inlet flow and causes separation 
inside the cavity. By changing γ to 30o, the 
trend for reduction of Num with increasing Ri is 
continued but with a slower rate compared to 
γ= 90o or γ= 60o. The Num increases by 
increasing Ri when γ is zero and this increment 
of Num augments further for γ>0o such that the 
maximum value for Num is obtained for γ=90o. 
Consequently, to enhance the heat transfer, γ>30o 
may be used and if low heat transfer is required 
γ< 30o should be applied. 

 

   
γ= 90o γ= 60o γ= 30o 

   
γ=0o γ=30o γ=60o 

 
γ=90o 

Fig. 2. Variation of Num with Re, Ri, γ and φ.  
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 A zoomed portion of the left figure 

(a) (b) 

Fig. 3. Temperature distribution on heat source surface, 
Re=50 and 100, φ=0 and 0.06, γ= 90o, 0o and 90o  for (a) 
 Ri=0.1, (b) Ri=10 . 

 

 

5. 3. Heat source temperature distribution 

The temperature distribution on the heat 
source surface is shown in Fig. 3 for Ri of 0.1, 
10 and Re of 50 and 100, φ=0 and 0.06 and γ of 

90o, 0o and 90o. For Ri=0.1 and for all of the 
cases studied the temperature on the surface 
initially rises from left to right and after arriving 
at a maximum value decreases. The initial 
increase is due to forced movement of the fluid 
over the heat source which causes temperature 
rise for the fluid as well as the heat source 
surface. The temperature of the heat source is 
lower when Cu water nanofluid with φ=0.06 is 
used. It should be noted that due to lack of 
buoyancy force at Ri=0.1 the inclination angle 
does not have effect on the temperature 
distribution for each particular φ. In other words, 
the dominant heat transfer mechanism is forced 
convection. Increase of Re to 100 causes further 
decrease of heat source temperature due to 
enhanced forced convection. Separation of flow 
from the heat source due to the right circulation 
is the reason for temperature decline after the 
maximum point. For Ri=10, a similar trend is 
observed, but the position of the maximum point 
is taken toward the left. This is due to the bigger 
size of the right circulation cell because of more 
buoyancy force at this Ri. It is further seen that 

for Re=50 and Ri=10 change of angle from 90o 
to 0o and then to 90o decreases the heat source 
temperature. This decline is due to weakening of 
the right circulation cell when the inclination 
angle is increased. In other words the buoyancy 
force does not act opposite to the forced inlet 
flow anymore. 

5. 4. Entropy generation 

Entropy generation within the cavity has been 
studied for all of the cases considered. The total 
entropy generation is presented in Fig. 4 for 
different Ri, φ between 0 to 6% and γ= 90o, 0o 
and 90o. As it can be seen, by increasing Ri or 
Re, the total entropy generation decreases. It 
should be noted that in the study of Oliveski et 
al. [11] constant values for irreversibility factor,
χ , have been assumed. In the current study the 

irreversibility factor is calculated using Eq. (6), 
by considering variable inlet velocity and 
variable viscosity of nanofluid, therefore it is not 
constant. In Eq. (6), χ , has an inverse relation to 

the square of both Ri and Re. Thus when Ri 
exceeds one the irreversibility factor decreases 
sharply, indicating decrease of entropy 
generation due to viscous effects compared to 
heat transfer effects. In the other hand increasing 
Re number causes a lower temperature of heat 
source surface such that the difference between 
the fluid temperature and heat source becomes 
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lower and the entropy generation due to heat 
transfer decreases. As a result increase of Ri and 
Re both have positive effects on decreasing the 
total entropy generation. It should be noted that 

the effects of nanoparticle volume fraction and γ 
could not be seen clearly in Fig. 6, because the 
vertical axis is in logarithmic scale. 

 
 

  
(a) (b) 

 
(c) 

 

Fig. 4. Total values of entropy generation for (a) γ= 90o, (b) γ= 0o and (c) γ=90o.

 
5. 5. Bejan number 

Variation of Be number with changing other 
parameters is shown in Fig. 5. The Be number 
has increased with increasing Re and Ri. For 
Re=300 the Be number approaches one 
indicating that the viscous entropy generation is 
relatively low and the total entropy generation is 

solely due to heat transfer effects. If Fig. 4 and 5 
are viewed simultaneously it is observed that the 
lowest value of Be number and highest entropy 
generation is for Ri=0.1 but the highest Be 
number and lowest entropy generation is for 
Ri=10. 
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γ= 90o γ= 30o 

  
γ=30o γ=0o 

 
γ=90o 

Fig. 5. Bejan number at different γ.
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6. Conclusion 
In this paper effects of different parameters on 

mixed convective heat transfer of Cu–water 
nanofluid in a square ventilating cavity at different 
inclination angles have been investigated. At 
Re=100 and 300 and for γ= 60o two cells are 
created inside the cavity for both Ri=0.1 and 10. 
The Num increases with either Re or φ increment. 
Also the Num decreases by increasing Ri at γ<0o. 
Num increases by increasing Ri when γ is zero and 
the maximum value of Num is obtained for γ=90o. 
By increasing Num, the temperature of heat source 
surface decreases. To enhance the heat transfer, 
γ>30o may be used and if low heat transfer is 
required γ< 30o should be applied. Total entropy 
generation and entropy generation due to viscous 
effects decrease with increasing Ri or Re. Bejan 
number increases with increasing Re and Ri. For 
Re=300 it approaches one indicating that the 
viscous entropy generation is relatively low and the 
total entropy generation is solely due to heat 
transfer effects. It is observed that the lowest value 
of Be and the highest entropy generation is for 
Ri=0.1 but the highest Be and the lowest entropy 
generation is for Ri=10. 
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